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Abstract
Gross, Mansour and Tucker introduced the partial-dual orientable genus
polynomial and the partial-dual Euler genus polynomial. They showed that
the partial-dual genus polynomial for an orientable ribbon graph is interpo-
lating and gave an analogous conjecture: The partial-dual Euler-genus poly-
nomial for any non-orientable ribbon graph is interpolating. In this paper, we
first give some counterexamples to the conjecture. Then motivated by these
counterexamples, we further find two infinite families of counterexamples.
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1. Introduction
We assume that the readers are familiar with the basic knowledge of
topological graph theory and in particular the ribbon graphs and partial
duals, and we refer the readers to [1, 2, 3, 5]. Let G be a ribbon graph and
A ⊆ E(G). We denote by GA the partial dual of G with respect to A.
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Gross, Mansour and Tucker [4] introduced the partial-dual orientable
genus polynomials for orientable ribbon graphs and the partial-dual Euler
genus polynomials for arbitrary ribbon graphs.
Definition 1. [4] The partial-dual Euler genus polynomial of any ribbon
graph G is the generating function
∂εG(z) =
∑
A⊆E(G)
zε(G
A)
that enumerates partial duals by Euler genus. The partial-dual orientable
genus polynomial of an orientable ribbon graph G is the generating function
∂ΓG(z) =
∑
A⊆E(G)
zγ(G
A)
that enumerates partial duals by orientable genus.
They posed some research problems and made some conjectures. Conjec-
ture 5.3 in their paper states that
Conjecture 2. [4](Interpolating). The partial-dual Euler-genus polynomial
∂εG(z) for any non-orientable ribbon graph G is interpolating.
In this paper, we first give some counterexamples to Conjecture 2. Mo-
tivated by these counterexamples, we then find two infinite families of coun-
terexamples to the conjecture.
2. Some counterexamples
A bouquet is a ribbon graph having only one vertex. A signed rotation of
a bouquet is a cyclic ordering of the half-edges at the vertex and if the edge
is an untwisted loop, then we give the same sign + to the corresponding two
half-edges, and give the different signs (one +, the other −) otherwise. The
sign + is always omitted. See Figure 1 for an example. Sometimes we will
use the signed rotation to represent the bouquet itself.
Example 3. Let B be the bouquet with the signed rotation
(−1,−2, 3, 4, 2, 1, 3, 4)
as shown in Figure 1. We have ∂εB(z) = 4z
2 + 12z4 (see Table 1 for details).
Example 3 is the first counterexample we found, and there are no coun-
terexamples having fewer edges. We then found more counterexamples to
Conjecture 2 as listed in Table 2 with the help of computer.
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Figure 1: The signed rotation of the bouquet is (−1,−2, 3, 4, 2, 1, 3, 4).
A ε(A) ε(Ac) ε(BA)
∅ 0 4 4
{1} 1 3 4
{2} 1 3 4
{3} 0 2 2
{4} 0 2 2
{1, 2} 2 2 4
{1, 3} 2 2 4
{1, 4} 2 2 4
{2, 3} 2 2 4
{2, 4} 2 2 4
{3, 4} 2 2 4
{1, 2, 3} 2 0 2
{1, 2, 4} 2 0 2
{1, 3, 4} 3 1 4
{2, 3, 4} 3 1 4
{1, 2, 3, 4} 4 0 4
Table 1: Euler genera of all partial duals of (−1,−2, 3, 4, 2, 1, 3, 4).
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The signed rotation of B ∂εB(z)
(−1, 2, 3, 4, 5, 1, 4, 5, 2, 3) 8z2 + 16z4 + 8z5
(−1,−2, 3, 1, 4, 2, 5, 4, 3, 5) 2z + 10z3 + 8z4 + 12z5
(−1, 2, 3, 2, 4, 5, 6, 1, 5, 6, 3, 4) 8z2 + 32z4 + 16z5 + 8z6
(−1, 2, 1, 3, 4, 5, 6, 2, 5, 6, 3, 4) 16z3 + 40z5 + 8z6
(−1,−2, 3, 1, 4, 2, 5, 4, 3, 6, 5, 6) 2z + 14z3 + 12z4 + 28z5 + 8z6
(−1,−2, 3, 4, 5, 6, 2, 1, 5, 6, 3, 4) 8z2 + 24z4 + 32z6
(−1, 2, 3, 2, 4, 3, 5, 6, 7, 1, 6, 7, 4, 5) 8z2 + 48z4 + 16z5 + 40z6 + 16z7
(−1, 2, 3, 4, 5, 6, 7, 1, 6, 7, 4, 5, 2, 3) 16z2 + 48z4 + 48z6 + 16z7
(−1, 2, 1, 3, 4, 3, 5, 6, 7, 2, 6, 7, 4, 5) 16z3 + 80z5 + 16z6 + 16z7
(−1, 2, 3, 4, 5, 6, 7, 1, 4, 5, 6, 7, 2, 3) 32z4 + 64z6 + 32z7
· · · · · · · · · · · ·
Table 2: Some counterexamples to Conjecture 2.
3. An infinite family of counterexamples
In this section, we further give two infinite families of counterexamples
to Conjecture 2. The following lemma will be used.
Lemma 4. [4] Let B be a bouquet, and let A ⊆ E(B). Then
ε(BA) = ε(A) + ε(Ac).
Let B2n+1 be the bouquet with the signed rotation
(1, 2, 3, · · · , 2n, 2n + 1,−1, 2n, 2n + 1, · · · , 2, 3),
as shown in Figure 2. Note that the edge 1 is interlaced with all other edges
and 2i, 2i+1 are interlaced with each other for 1 ≤ i ≤ n. Let A ⊆ E(B2n+1)
and 1 ≤ i ≤ n. If {2i, 2i + 1} ⊆ A, we call {2i, 2i + 1} double ribbons of A.
If 2i ∈ A but 2i + 1 /∈ A (or 2i + 1 ∈ A but 2i /∈ A), we call 2i (or 2i + 1) a
single ribbon of A.
Lemma 5. Let A ⊆ E(B2n+1) and let s(A) be the number of single ribbons
of A. Then
ε(B2n+1
A) =
{
2n + 1, when s(A) = 0;
2n− 2s(A) + 2, when s(A) > 0.
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Figure 2: The bouquet B2n+1.
Proof. First observe that s(Ac) = s(A). We can assume that 1 ∈ A and let
f(B) denote the number of boundary components of a bouquet B.
If the maximum labelled edge of the signed rotation of Ac appears as
double ribbons, that is, Ac = (P, 2i, 2i + 1, 2i, 2i + 1, Q), where P and Q
are strings, then f(Ac) = f(P,Q). If the maximum labelled edge of the
signed rotation of Ac appears as a single ribbon, that is, Ac = (P, 2i, 2i, Q)
or Ac = (P, 2i + 1, 2i + 1, Q), then f(Ac) = f(P,Q) + 1. Repeating the
previous argument leads to f(Ac) = s(Ac) + 1 = s(A) + 1.
If the minimum labelled edge except 1 of the signed rotation of A ap-
pears as a single ribbon, that is, A = (1, 2j, P,−1, Q, 2j) (or A = (1, 2j +
1, P,−1, Q, 2j + 1)), then f(A) = f(P, 2j, 1, 2j,−1, Q) as shown in Figure 3.
Since both P and Q do not contain edge 1 and s(P,Q) = s(A)− 1, it follows
that
f(A) = f(P,Q) = s(P,Q) + 1 = s(A).
If the minimum labelled edge except 1 of the signed rotation of A appears
as double ribbons, that is, A = (1, 2j, 2j + 1, P,−1, Q, 2j, 2j + 1), then
f(A) = f(2j, 2j + 1, 2j, 2j + 1, 1, P,−1, Q)
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Figure 3: Change (1, 2j, P,−1, Q, 2j) to (P, 2j, 1, 2j,−1, Q).
as shown in Figure 4. If s(A) = 0, then
f(A) = f(2j, 2j + 1, 2j, 2j + 1, 1, P,−1, Q)
= f(1, P,−1, Q) = · · · = f(1,−1) = 1.
Otherwise, s(A) > 0, then repeat the above process, we have f(A) = s(A).
Therefore,
f(A) =
{
1, when s(A) = 0;
s(A), when s(A) > 0.
Figure 4: Change (1, 2j, 2j + 1, P,−1, Q, 2j, 2j + 1) to (2j, 2j + 1, 2j, 2j + 1, 1, P,−1, Q).
Since ε(B2n+1
A) = ε(A) + ε(Ac) by Lemma 4 and
1− |A|+ f(A) = 2− ε(A), 1− |Ac|+ f(Ac) = 2− ε(Ac)
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by the Euler formulas, it follows that
ε(B2n+1
A) = |A|+ |Ac| − f(A)− f(Ac) + 2
=
{
2n + 1, when s(A) = 0;
2n− 2s(A) + 2, when s(A) > 0.
Theorem 6. The partial-dual Euler genus polynomial for B2n+1 is given by
the formula
∂εB2n+1(z) = 2
n+1z2n+1 +
n∑
s=1
2n+1
(
n
s
)
z2n−2s+2.
Proof. By Lemma 5, we have the following two cases:
1. ε(B2n+1
A) = 2n + 1 if and only if s(A) = 0. Then we can choose A in
2n+1 ways.
2. ε(B2n+1
A) = 2n−2s+2 where 1 ≤ s ≤ n if and only if s(A) = s. Then
we can choose s single edges for the ribbon subset A in
(
n
s
)
2s ways
and then select the remaining double edges in 2n−s ways, and A may
or may not contain the edge 1. Hence, we can choose A in 2n+1
(
n
s
)
ways.
We obtain the formula.
Remark 7. By Theorem 6, B2n+1 is a counterexample when n ≥ 2.
Let C2n+2 be the bouquet with the signed rotation
(1, 2, 3, 4, · · · , 2n + 1, 2n + 2,−2,−1, 2n + 1, 2n + 2, · · · , 3, 4)
as shown in Figure 5. Note that the edges 1, 2 are interlaced with all other
edges but 1, 2 are not interlaced with each other and 2i+1, 2i+2 are interlaced
with each other for 1 ≤ i ≤ n. Let A ⊆ E(C2n+2) and 1 ≤ i ≤ n. If
{2i+ 1, 2i+ 2} ⊆ A, we call {2i+ 1, 2i+ 2} double ribbons of A. If 2i+ 1 ∈ A
but 2i + 2 /∈ A (or 2i + 2 ∈ A but 2i + 1 /∈ A), we call 2i + 1 (or 2i + 2) a
single ribbon of A.
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Figure 5: The bouquet C2n+2.
Lemma 8. Let A ⊆ E(C2n+2) and let s(A) be the number of single ribbons
of A. Then ε(C2n+2
A) =
2n + 2, if one of 1, 2 is in A and the other is in Ac and s(A) = 0;
2n− 2s(A) + 4, if one of 1, 2 is in A and the other is in Ac and s(A) > 0;
2n− 2s(A) + 2, if 1, 2 are both in A or both in Ac.
Proof. We know that s(A) = s(Ac). If one of 1, 2 is in A and the other is in
Ac, and we have discuss this case in the proof of Lemma 5, then
f(A) = f(Ac) =
{
1, when s(A) = 0;
s(A), when s(A) > 0.
If 1, 2 ∈ A, then f(Ac) = s(A) + 1.
1. If the minimum labelled edge except 1, 2 of the signed rotation of A
appears as a single ribbon, that is, A = (1, 2, 2j+1, P,−2,−1, Q, 2j+1)
(or A = (1, 2, 2j + 2, P,−2,−1, Q, 2j + 2)), then
f(A) = f(P, 2j + 1, 1, 2, 2j + 1,−2,−1, Q).
Since both P and Q do not contain edges 1, 2 and s(P,Q) = s(A)− 1,
it follows that
f(A) = f(P,Q) + f(2j + 1, 1, 2, 2j + 1,−2,−1)− 1
= f(P,Q) + 1 = (s(P,Q) + 1) + 1 = s(A) + 1.
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2. If the minimum labelled edge except 1, 2 of the signed rotation of A
appears as double ribbons, that is,
A = (1, 2, 2j + 1, 2j + 2, P,−2,−1, Q, 2j + 1, 2j + 2),
then
f(A) = f(2j + 1, 2j + 2, 2j + 1, 2j + 2, 1, 2, P,−2,−1, Q).
If s(A) = 0, then
f(A) = f(2j + 1, 2j + 2, 2j + 1, 2j + 2, 1, 2, P,−2,−1, Q)
= f(1, 2, P,−2,−1, Q) = · · · = f(1, 2,−2,−1) = 1.
Otherwise, s(A) > 0, then repeat the above process, we have f(A) =
s(A)+1. Therefore, we can see that f(A) = s(A)+1 for 0 ≤ s(A) ≤ n.
Since ε(C2n+2
A) = ε(A) + ε(Ac) by Lemma 4 and
1− |A|+ f(A) = 2− ε(A), 1− |Ac|+ f(Ac) = 2− ε(Ac),
it follows that ε(C2n+2
A) = |A|+ |Ac| − f(A)− f(Ac) + 2 =
2n + 2, if one of 1, 2 is in A and the other is in Ac and s(A) = 0;
2n− 2s(A) + 4, if one of 1, 2 is in A and the other is in Ac and s(A) > 0;
2n− 2s(A) + 2, if 1, 2 are both in A or both in Ac.
Theorem 9. The partial-dual Euler genus polynomial for C2n+2 is given by
the formula
∂εC2n+2(z) = 2
n+1(n+2)z2n+2+
n∑
s=2
2n+1
((
n
s
)
+
(
n
s− 1
))
z2n−2s+4+2n+1z2.
Proof. By Lemma 8, we have the following three cases:
1. ε(C2n+2
A) = 2n + 2 if and only if one of 1, 2 is in A and the other is
in Ac and A has no single ribbons (or only one single ribbon) or 1, 2
are both in A or both in Ac and A has no single ribbons. Then we can
choose A in 2n+1 + 2n+1
(
n
1
)
+ 2n+1 = 2n+1(n + 2) ways.
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2. ε(C2n+2
A) = 2n− 2s+ 4 where 2 ≤ s ≤ n if and only if one of 1, 2 is in
A and the other is in Ac and A has s single ribbons or 1, 2 are both in
A or both in Ac and A has s − 1 single ribbons. Then we can choose
A in 2n+1
((
n
s
)
+
(
n
s− 1
))
ways.
3. ε(C2n+2
A) = 2 if and only if one of 1, 2 are both in A or both in Ac and
A has n single ribbons. Then we can choose A in 2n+1 ways.
Remark 10. By Theorem 9, C2n+2 is a counterexample for each n ≥ 1. In
particular, when n = 1, C4 is exactly the bouquet in Example 3.
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